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Abstract 


In [lj and [2j, we studied the problem of the existence and uniqueness 
of a solution to some general BSDE on manifolds. In these two articles, 
we assumed some Lipschitz conditions on the drift f(b,x,z). The 
purpose of this article is to extend the existence and uniqueness results 
under weaker assumptions, in particular a monotonicity condition in 
the variable x. This extends well-known results for Euclidean BSDE. 


1 Reminder of the problem 

Unless otherwise stated, we shall work on a fixed finite time interval [0; T]; moreover, 
(Wt)o<t<T will always denote a Brownian Motion (BM for short) in R dm , for a positive 
integer d w . Moreover, Einstein’s summation convention will be used for repeated 
indices in lower and upper position. 

Let (Bt)o<t<T denote the Revalued diffusion which is the unique strong solution 


of the following SDE : 



( 1 . 1 ) 


where a : R d —> R dxd ™ and b : R d —> R d are C 3 bounded functions with bounded 
partial derivatives of order 1, 2 and 3. 
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Let us recall the problem studied in [TJ and [2j We consider a manifold M 
endowed with a connection T, which defines an exponential mapping. On M, we 
study the uniqueness and existence of a solution to the equation (under infinitesimal 
form) 

f X t+dt = exp Xt (Z t dW t + f(Dl X t , Z t )dt) 

(M + J D) 0 j Xt = u 

where Z t E C(R dw ,T Xt M) and f(B?,X t ,Z t ) E T Xt M. 

For details about links with PDEs, the reader is referred to the introductions of 
[DJ and (2j. 


In local coordinates (x l ), the equation (M + D )o becomes the following backward 
stochastic differential equation (BSDE in short) 


(M + D) 


dx t = Z t dW t + (-±r jk (X t )([Z t ] k \[Z t Y) + f{B»,X t , Z t )) dt 
X T = u. 


We keep the same notations as in |fj : (-|-) is the usual inner product in an Euclidean 
space, the summation convention is used, and [Ay denotes the i th row of any matrix 
A; moreover, 


ryu \ 




( 1 . 2 ) 


r V ;r ) / 


is a vector in M n , whose components are the Christoffel symbols of the connection. 
We keep the notations Z t for a matrix in M nxd “ and / for a mapping from M d xS n x 
to M n . The process X will take its values in a compact set, and a solution of 
equation (M + D) 0 will be a pair of processes (. X , Z) in M x (R fiu ’ ®TM) such that 
X is continuous and E(/ 0 T ||Z t ||^dt) < oo for a Riemannian norm || • || r ; in global 
coordinates O C M n , (X, Z) E O x M nxdu ' and E(J Q T ||Z t || 2 dt) < cxo (see below for 
the definitions of the norms). 

We gave in |T| and [2] existence and uniqueness results for the solutions of the 
BSDE (M + D) for a drift verifying some geometrical Lipschitz condition in the 
variables ( b,x,z ). Here we propose to weaken these assumptions, replacing the 
Lipschitz condition in the variable x by a monotonicity condition and some other 
mild conditions; see Section |21 below. The results for this condition were announced 

in El- 

In Section [21 we recall the general hypothesis. We give the monotonicity con¬ 
dition and other assumptions on the drift / in Section [21 as well as existence and 
uniqueness theorems under the current assumptions. In Section 01 we sketch the 
changes to make in the uniqueness proofs in [X] and f2J, to get uniqueness in the new 
context, and in Section 01 we prove the existence results. At the end in Section ??, 
we give the corresponding results for random terminal times. 
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2 Notations and hypothesis 

In all the article, we suppose that a filtered probability space (Ft)o<t<r) 

(verifying the usual conditions) is given (with T < oo a deterministic time) on which 
(Wt)t denotes a dimensional BM. Moreover, we always deal with a complete 
Riemannian manifold M of dimension n, endowed with a linear symmetric (i.e. 
torsion-free) connection whose Christoffel symbols Y l - k are smooth; the connection 
does not depend a priori on the Riemannian structure. 

On M, 5 denotes the Riemannian distance; \u\ r is the Riemannian norm for a 
tangent vector u and \u'\ the Euclidean norm for a vector u! in M n . If h is a smooth 
real function defined on M, its differential is denoted by Dh or /;/; the Hessian 
Hess h(x) is a bilinear form the value of which is denoted by Hess h(x) < u,u >, 
for tangent vectors (at x) u and u. 

For (3 e N*, we say that a function is C 13 on a closed set F if it is C >3 on an open set 
containing F. Recall also that a real function y defined on M is said to be convex 
if for any M-valued geodesic 7 , y o 7 is convex in the usual sense (if y is smooth, 
this is equivalent to require that Hess y be nonnegative). 

For a matrix z with n rows and d columns, l z denotes its transpose, 


\/Tr (z t z) 


d 




ElH‘1 2 

i= 1 


(Tr is the trace of a square matrix) and ||^|| r = yYli=i |[^]*|? where the columns of 
z are considered as tangent vectors. The notation ^>(x,x r ) ~ S(x, x') v means that 
there is a constant c > 0 such that 

VT, x ', - 5(x, x'Y < H/(x, x') < c S(x, x'Y. 
c 

Throughout the article, we consider an open set O of M, relatively compact in 
a local chart and an open set u Y ® relatively compact in O, verifying that 

• There is a unique geodesic in O, linking any two points of O, and depending 
smoothly on its endpoints; 

• u = {y < c}, the sublevel set of a smooth convex function y defined on O. Note 
that O will be as well considered as a subset of M n . 

We recall that in the case of a general connection, any point a; of M has a neigh¬ 
borhood O for which the first property holds; and when the Levi-Civita connection 
is used, the first property is also true for regular geodesic balls. 
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3 Case of a drift / verifying a monotonicity con¬ 
dition 

3.1 Assumptions on / 

In this section, we explicit the assumptions on the drift / under which we will work; 
the main difference with JTJ and j2J is that we replace the Lipschitz property in x by 
a monotonicity condition. First, we suppose that / verifies the Lipschitz condition 
in the variables b and z 


3 L > 0, V6, b' e M d , Vrc e O, Vz, z' e 



.(3.1) 


Before introducing the monotonicity condition in x, we recall that, in the case of a 
general connection, is a smooth, convex and nonnegative function, vanishing on 
the diagonal only and such that T ~ 6 P . In the case of the Levi-Civita connection, 


we take 1 ' = S 2 /2 (in fact it is equivalent to take T = 6 off the diagonal). 
The monotonicity condition is written 



(3.2) 


where 



X 


denotes the parallel transport (defined by the connection) of the d w columns of the 


matrix z (considered as tangent vectors) along the unique geodesic between x and x'. 


This monotonicity condition replaces here the well-known monotonicity condition 


involving the inner product in an Euclidean space (see e.g. Assumption (4) in pj or 
Assumption (H 3) in |3]). Note that here we have a lower bound on D T (and not an 
upper bound as in the articles cited above) because in the equation (M + D), the 
drift / is given with a “plus” sign. 

We also need the following uniform boundedness condition 


3 L 2 > 0,V6 G R d yx G O, | f(b,x, 0)| r < L 2 


(3.3) 


and the continuity in the x variable : 

V6 G M d , Vz G £(R dw ,T x M), x ^ f(b,x,z) is continuous. (3.4) 
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3.2 The results 


We state now the existence and uniqueness theorem, which generalizes Theorem 
1.4.1 of jTj and Theorem 1.3.1 of [21 to our context. We need the following assump¬ 
tion : 

(H) f is pointing outward on the boundary of ZJ. 

Theorem 3.2.1 We consider the BSDE (M + D) with terminal random variable 
U GoJ = {y < c}. We suppose that f verifies conditions (13.11) . (13.21) . (13.31) and 
0 , and that x is strictly convex (i.e. Hess x is positive definite). Moreover for 
(i) and (ii), f is also supposed to verify ( H ). 

(i) If f does not depend on z, the BSDE has a unique solution (X t , Z t )o<t<r such 
that X remains in ZJ. 

(ii) If the Levi-Civita connection is used, then the BSDE has yet a unique solution 
(X t , Z t ) 0 < t <T with X in lo (this is true in particular for regular geodesic balls) . 

(Hi) In the case of a general connection, each point q of M has a neighborhood 
O q C O such that, if ZJ C O q and f verifies hypothesis ( H ), then the BSDE (M + D) 
has a unique solution (X t , Z t ) 0 < t < T such that X remains in ZJ. The neighborhood O q 
depends on the geometry of the manifold, but not on the drift f. 


3.3 Preliminary lemmas 


First we recall two results : Proposition 2.2.1 in [Sj and Lemma 3.2.1 of [Tj (in fact 
Lemma 13 .3.21 below is a straightforward consequence of this lemma and Proposition 

ra. 


Proposition 3.3.1 Here O is considered, via a system of local coordinates, as an 
open subset ofW 1 . There is a C > 0 such that for every (x,x') G OxO and 
(z, z') G T X M x T X 'M, we have 


and 



<C(\z 


z! | + 6(x,x')(\z\ + l^'D) 


z — z'\ <C 



+ 5{x,x'){\z\ r + \z'\ r ) 


(3.5) 


Lemma 3.3.2 Suppose that ^(x,x r ) ~ S(x,x') p on O x O where p is an even 
positive integer (since T is smooth). Then there is C > 0 such that, for all vectors 
(z, z') G T X M x T x iM, 


D^t(x, x') ■ 


<C5(x,x') P ( 5(x, x'){\z\ r + \z'\ r ) + 


z — z 


(3.6) 


Then we have the following lemma, which is in fact the main argument in order 
to prove uniqueness. For notational convenience, we denote f(b,x,z ) by / and 
/(MV) by/'. 
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Lemma 3.3.3 There is C > 0 such that, for all b in x, x' inO, z G £(M du ', T X M ) 
and z' G C(R. dw ,T X >M), 


D\\f(x, x') 


f 

r 


> -C5{;x,x'y- 1 



+ S(x, x')(l + ||z|| r 



Proof. Note that we use the same b. We have 

f(b,x,z) 


D ^{r) = 


f{b,x', || z) 


0 


+£>'!'(x, x') 


f(b,x',z') - f(b, x', ||z) 


> v^>{x, x')(l + \\z 
~C6(x, x'y- 1 


z — z 


+ S(x, x')(l + ||z|| r + ||^||r) ) • 


In the last inequality, we have used the monotonicity assumption (El for the first 
term, and for the second term the Lipschitz assumption El and Lemma mm 
above. This gives the result since T « S p . □ 


To end this part, we give the following result, which means that / has at most 
a linear growth in the variable z. It will be useful in the sequel. 

Lemma 3.3.4 Under the above assumptions El and E3D- there is a constant 
C such that 

V b, X, Z, \f(b,X,z)\ r <C(\\z\\ r + l). 


Proof. It is a straightforward consequence of the two assumptions El and El : 


V b , x, z, 


\f(b,X,z)\ r 


< | f{b,x,z) - f{b,x, 0)| r + \f(b,x, 0)| r 

— -h || ^ || r + L2 ■ 


This gives the result. □ 


4 The uniqueness property 

We recall first the method used in |Tj and in [2], then we will sketch the main changes 
to make under our new assumptions. 
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4.1 General results 

Consider two solutions (X t , Z t ) 0 < t < T and (Xj., Z' t ) 0 < t < T of (M + D ) such that X and 
X' remain in to and X T = Y? = U (we will say sometimes “uJ-valued solutions of 
(M + D)”). Let 

A, = (A S ,X;) and Z, = ( f/ ) • 

To prove uniqueness, the idea is to show that the process (S t )t = (exp(A t )'L(A " i ))4 
where 

At — Xt + p, f (11 Z s 11 T || Zg 11(?)ds, 

J o 

is a submartingale for appropriate nonnegative constants A, p and a, and a suitable 
function T, smooth on OxO (of course in general we will have to prove some 
integrability properties). 

If we apply Ito’s formula to (S t ), we get 


e A <X>(X t ) - T(X 0 ) = /Vd(T( X,)) + f e A ‘(A + p(\\Z s \\f + \\ZX)MX B )ds 

Jo Jo 

= J e As DV(X s ) (z s dW s 

dw 


1 


rt 


J^pZ^Hess 'fr(X s )\ t Z s ] i ds 


, i=l 


d a s nvj/f A 1 ( f(Bs,X s ,Z s ) A , 


+ I e- 

Jo 

+ [ e A ^(X s )(X + p{\\Z s \\? + ||Z'||“))ds. 
Jo 


(4.1) 


Thus to prove the submartingale property, we need to show the nonnegativity 
of the sum 

l^‘[‘Z t ] , Hess<P(X 1 )[ , Z t ] i + DnY ( f/m’xtZ') 

i= 1 \ 1 ti t 

+ (\ + p(\\Z t \\? + \\ZX))*(X t ). (4.2) 


4.2 Sketch of the proof 

Case of a drift independent of z 

In this case, the result is straightforward; indeed, from Lemma Id.MAI there is 
C > 0 such that, for all b in R d , x, x' in to, 

D<Hx,x') ■ ( \ > -CS(x,x') p > -C9(x,x'). 
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Therefore in order to make the sum (S3) lionnegative, it is sufficient to take A larger 
than \C\ and ji — 0. 

Uniqueness for drifts depending on z 

As we remarked above, uniqueness is a consequence of the nonnegativity of the 
sum (14.21) . Of course the estimates on the Hessian term which are given in [I] and [2] 
are still valid; thus we have only to verify that the same kind of estimates hold for 
the term involving / in (S3. Moreover, we need to keep the integrability conditions 
which make integrable the process (S t ) t = (exp(A t )\l/(2Q)) t . 

We begin with the integrability condition; in fact it is based upon Lemma 3.4.2 
of [I: which we recall now. 

Lemma 4.2.1 Suppose that we are given a positive constant a and a C 2 function 
(f on u satisfying C m i n < <f>fx) < C max for some positive C min and C max . Suppose 
moreover that Hess (j) + 2a<f> < 0 on oo; this means that 

Hess <f{x) < u,u> +2a<f>{x)\u\ 2 < 0. (4.3) 

Then, for every e > 0, any u-valued solution of (M + D ) belongs to ( £ a - e ). 

An accurate examination of the proof given in [I] shows that the only hypothesis 
needed on the drift / is the linear growth in z , and this is yet verified, according to 
Lemma 13.3.41 

Therefore it remains to verify that the estimates on D x l>(x,x')(f, f) are still 
valid. We just check that this is true in the three cases dealt with in the two articles 
|TJ and 0. 


In the case of a Levi-Civita connection, two different approaches were developed : 
(1) On the one hand for nonpositive sectional curvatures, the function T is just 5 2 /2 
and Lemma [3 .3. 31 gives the estimate 


L>T(x) 


f(b,x,z ) 
f(b, x',z') 


> —CS 2 (x, x')(l + ||z 



(4.4) 


(2) On the other hand, if positive sectional curvatures are allowed (bounded by 
K > 0), we defined in |2j 


T(a;, x') = T a (a:, x') = sin a ^ 











and therefore, for z G C(R dw , T X M ) and z' G £(R d “, T x iM ), 


L>'h(x) 


f(b,x,z) 
f(b, x',z') 


= a sin 0 ( y)cosy- -^(x) 


> —a sin° 1 {y)^~ 


( f(P,x,z) 


f(b, x',z') 


XLq ( 5(x)(l + ||^||r + H^Hr) + 


z — z 


> — a—ty(x)L(l + H^llr + II^H,.) — Ci sin“ 1 y 


z — z 


& . a —2 
— sin z y 
2 y 


2 4 


z — z 


(4.5) 


for appropriate constants a, e and a (which are in fact determined according to the 
estimates upon Hess T in the same way as in Jj); and positive constants C\ and C. 
Note that the first inequality is a consequence of the monotonicity condition O 
with T = S instead of S 2 (we have already remarked that we have equivalence off 
the diagonal). 

(3) In the case of a more general connection, Lemma [3.3.31 gives, for any e > 0, 


DV ■ 


f (b, x, z) \ 
f{b, x', z') ) 


> — C £ ^{x, x'){l + ||z|| r + H^Hr) 


— e5 p 2 (x,x') 



2 

r 


(4.6) 


It turns out that the estimate (14.41) (resp. (14.51) . resp. (14.hi) ) is exactly what is 
needed on the term D^> (/,/') in order to get the nonnegativity of the sum (14.21) : 
thus it suffices to replicate the proof of Lemma 3.4.5 in T| (resp. Proposition 3.3.2 
in (21 - resp. Theorem 3.2.2 in |2j). This concludes the uniqueness part. 


5 Existence property 

First we give the framework of the proof. 

Suppose that c > 0 and x reaches its inffinum at p G u with xi'P) — 0. Then con¬ 
sider the following mapping, defined on a normal open neighborhood of uJ centered 
at p (so it is in particular a neighborhood of 0 in M n ) 

?/ ^_ y/cjy 

V C M\ 2 + c ~ x(y)' 

for C 2 > 0 small enough, it is a diffeomorphism from an open set 0\ (relatively 
compact in O and containing uJ) onto an open neighborhood N of B( 0,1), such that 
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to is sent onto £>(0,1) (in fact, it is sufficient to take C 2 < |A X , where A x denotes the 
(positive) infimum on 0\ of the eingenvalues of Hess y). Using this diffeomorphism, 
we can work in a local chart O (take O := N) such that to = B( 0,1) and y(0) = 0. 
We will mainly use the Euclidean norm in this section; note in particular that m , 
(EZD and (ED remain true if the Riemannian norm is replaced by the Euclidean 
one (changing accordingly the constants). 

Remark that hypothesis (H) means, in the new coordinates, that the radial compo¬ 
nent / rad (6, x, z ) of f(b, x, z ) is nonnegative for x G dto. 

The goal in this part is to approximate / by Lipschitz functions for which the 
existence theorems of ,Ij and of j2] apply. However, unlike in these articles, we 
cannot use the convolution product directly; indeed, we don’t have precise estimates 
for / in a neighborhood of to, therefore we can’t prove that these approximations be 
pointing outward on dto. In order to give such estimates, we need first to introduce 
new functions /*, with which we shall use the convolution product. 

First step. We truncate the growth of the drift /, both in b and z, in the following 
way. Let </> : R —> M + be a smooth nonincreasing function with 

f 4>(u) = 1 if it < 1 
\(p(u) = 0 if u > 2; 

then put (ftk(u) = cp(u — (k — 1)) for any positive integer k. Note that 0 < 0 *, < 1 , 
with (f>k(u) — 1 if u < k and 4>k(u) — 0 if u > k + 1. Let 

fk(b, x, z) = f(b,x,z)<f>k(\b\)(f)k(\\z\\y, (5.1) 

in particular, f k tends to / when k tends to infinity. We have the 


Lemma 5.0.2 There is a constant C, independent of k, such that 

/ x' \ 


(i) 

(ii) 


\/x, x' eO,Vz e R ndw , 



MM) 


< Ck5(x , x')\ 


Vx e 0,\/z,z' e R nd ™,Vb e R d , 

I f(b,x, zf)\ ■ \MM\\) ~ M\\4)\ <C(l + kA \\z!\\)\\z - z' 


Proof. The function cp k verifies \M U ) ~ M u ')\ <C 0 \ U ~ u'\(l{ u < k+ i} + l{ M /< fc+ i}); 
using Proposition E3H1 we get 


MM) 


< C 0 


z — z 


(l{lpn<fe+l} +1 




< Cl [ <5(a:,a? , )||j 2 :||l{||^||<* + i} + <5(x,a; , )|| ||z||l 

{|| |R||<fc+i} 


< C(k + l)5(x, x'), 


hence (i). 
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For (ii), as 4>k is Lipschitz (with a constant independent of k), we have 


1/(6,*,*01 • \M\A\) - M\\4)\ < c( 1 + \\A\)\\z - AV 

As / has a linear growth in z, it is thus sufficient to prove 

\\z'\\-\M\\4\)-M\\4)\<c(i + k)\\z-z% 

The only case for which we have to be careful is z 1 > k + 1 and z < k + 1. We have 
in this case 

||.~'|| • \m\\4\) - M\\4)\ < (Ik' - *11 +11*11) • l<Mlk'||) - <MNI)I 

< 21 | z r — z\\ + (k + l)||k — z\\ 

and that completes the proof. □ 

Proposition 5.0.3 We have the following properties for the new drift f k : 

(i) It verifies a Lipschitz property in b and z in the following sense : 

3 L > 0, V6, b' e R d , \tx e O, Vz, z' e R ndw , 


\f k (b', x, z') — fk(b, x, z)\ < L \ (\b — b'\ + ||z — z'\\) x 


(1 + k A ||z|| + k A ||z'| 


(ii) It verifies a monotonicity condition like 0 , but now with a constant depending 
on k : 


3 C > 0, Mb G R d , Vx, x' e O, Vz e 
fk(b,x,z ) 

x' 

fk(b,x || z) 


D^(x, x') • 


> —CA;T(x, x 7 )(l + ||z| 


When z = 0 , it is uniformly bounded as in ( 13 . 31 ) (independently of k). 

(iv) It is continuous in x in the sense of (El- 

(v) It is pointing outward on the boundary of To. 

(vi) Recall from the beginning of this section that 0\ is a compact set verifying 
To C Oi C 0\ C O. Then f k is uniformly continuous in the x variable, i.e. 

Me > 0,3% > 0 s.t. M(b,x,z) e R d x 0 1 x R ndw ,Vv s.t. |n| < %, 
l/fc(6 ,*,*) - fk(b,x + v,z )| < e. 
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Proof. Using that (j) k (u) < 1, we have 

| f k (b',x,z') - f k (b,x,z )| < \f(b',x,z')<j) k (\b'\) - f(b,x,z')(j) k (\b\)\ ■ M\\ z '\\) 

+ \f(b,x,z')^ k (\\z'\\) - f(b,x,z)(f) k (\\z\\)\ 

< \f(b\x,z')\-\M\b'\)-M\m-M\W\\) 

+\f(b',x,z') - f(b,x,z')\ ■ M\z'\\) 

+\f(b,x,z’)\-\M\W\\)-M\\4)\ 

+1 f(b,x,z') - f(b,x,z )I • M\\z\\) 

< Cl(l + H-Z'IDIfc — b'\l\\ z r\\< k+l 

+c 2 (l + k A ||z / ||)||z - z’ || 

+C 3 ||* - z'\\. 

In the last inequality we have used m, Lernrna l.'h.'hdl (for the Euclidean norm) and 
(ii) of Lemma 15.0.21 Since (1 + H^'H)l||^'||<fc+i < Ck A ||U||, this proves (i). 

The properties (in), (iv) and (u) follow obviously from the same properties for 
/. Moreover, (vi) is just a consequence of the continuity of / on the compact set 
5(0, k + 1) x 0\ x .8(0, k + 1) (recall that if b £ -8(0, k + 1) or 2 ^ -8(0, k + 1), then 
f k (b, x, z) = 0). 

For (ii), we write f k (resp /) for f k (b,x,z) (resp. f(b,x,z)) and f' k (resp f) for 

X' x' 

fk(b,x', ||z) (resp. f(b,x', ||z)) and we have 


8>T ■ 



= DV ■ 


= 8>T • 


M\\4)M\ b \)f \ 
Mm\)M\b\)f j 

X / 

j, ) M\ b \)M\\z\\) 


+ 

> 

> 


8>T • 


0 


(M\\\\z\\)-M\\z\\))f' 


M\ b \) 


(u A 0)T(a;, a/)(l + ||z||) — C\k^(x, x')(l + ||z||) 
—Ck^(x,x')( 1 + ||z||). 


In the first inequality, we have used for the Erst term the monotonicity assumption 
(IU.2D on /, and for the second term the Euclidean form of Lemma, l)L.‘L2l (i) in Lemma 
15.0.21 and the linear growth of / in 2 (Lemma 10.0.41) . Note that the constant C > 0 
at the end does not depend on k. Then we have (ii). □ 


The interest of the new drifts f k lies in condition (vi)] indeed, this gives some 
information about the behavior of f k around the boundary <9uJ. Then now we can 
construct new approximations which will verify Lipschitz conditions in all the vari¬ 
ables. 


Second step. Extend each mapping f k to R d xl n xby putting f k (b, x, z) — 0 
if x ^ O and define (on x M n x M. ndw ) the convolution product for l 6 N* 
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fk,l = fk * Pi ■ 

f k ,i(b, x,z) = / fk((b, X, z ) - (/3, y, w))pi(P, y, w)d(/3, y, w) 

J K d xE n xR rili ™ 

where pi(b,x,z ) = lp(l\\(b,x, z)\\) and p : M+ —> M+ is a bump function (i.e. a 
smooth function with p'(0) = 0, p = 0 outside [0; 1] and J R p(u)du = 1). 

Lemma 5.0.4 The following holds for the mappings fk,i ■' 

(i) It verifies the Lipschitz property 

3 L(k,l) > 0, Vb,b' e R d yx,x' e O x yz,z' e R ndw , 


\f k j(b,x,z) - fk,i(b'i x 'i z ')\ < L(k,l) (|6 —6'|H-|a: — aj , |)(H-||^||-h||^ , |l) + ll« _ z '\ 


(5.2) 


(ii) When z — 0. it is uniformly bounded as in Q, and the bound does not depend 
on k, l. 

Proof. As soon as dist(Oi,0 ) > 1/Z 0 > l/l, pi(/3,y,w ) = 0 if \y\ > dist(Oi,0 ); so 
the integrand vanishes if x — y fi O and we can use the properties of / fc on O. 

It is then obvious that fk,i is Lipschitz (in the sense of HU) in the variables b and 
z (and the Lipschitz constant can be taken the same as the one for fif). Then the 
only point to check is for the x variable. But one has 

f k ,i(bj x , z) = / Pi({b, x, z) — ((3, y, w))f k (f3, y, w)d({3, y, w); 

JwL d xR n xK. nd w 

since x > pi((b,x,z) — (/ 3,y,w )) is a smooth function with bounded partial deriva¬ 
tives, we get 

I D x f kt i(b,-,z)\ < C±(k, l) [ \fk{P,y,w)\d{P,y,w) 

J\\(b,x,z)-(fi,y,w)\\<l/l 

^ Ck,l( 1 + ||*||) 

where the last inequality results from the linear growth in z of fk (using Lemma 
urn Thus x t—> fkj(b,x,z) verihes a Lipschitz condition with a constant growing 
linearly with z, as was to be proved. 

Finally, assumption ( ii ) results from the same property for fk ((Hi) in Proposition 
Em and the Lipschitz property (EH) for / : 


\fk,i(b,x,0)\ < / \f k (b-/3,x-y,-w)\pi(P,y,w)d(P,y,w) 

d \\(P,y,w)\\<i/l 

< / C 0 pi((3, y, w)d((3, y, w) = C 0 

d\\(P,y,w)\\<i/l 
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using the definition of pi. □ 

Now the mappings f k ,i are not necessarily pointing outward on the boundary du\ 
in order to get this property, we introduce the new drift 

A 

g k ,i(b,x,z ) = fk,i(b, x, z) + (e Ki + y(l + p||))x, 

where e k .i is the constant associated with g — l/l in the uniform continuity assump¬ 
tion (vi) of Proposition lo.O.-il and A is a constant which is chosen below. 


Proposition 5.0.5 The mapping g ky i verifies properties ( i ) and (ii) in Lemma 
\5.0.J\ above. Moreover, there is a positive constant A, depending on k but not 
on l, such that g k j is pointing outward on the boundary du. 

Therefore, from Theorem l.f.l in hf and Theorem 1.3.1 in m the BSDE (M + 
D ) with drift g k ,i has a unique solution (X k j, Z k j) with X k j G u. 


Proof. That g k j verifies (i) and (ii) in Lemma [5.0.41 above is obvious. Now let us 
prove the last property; consider x G du = 5(0,1) . If we put E := \f kt i(b, x, z) — 
f k (b,x,z )| then 


E = 


(. fk(b - P, x - y, z - w) - f k (b, x, z))pi(/3, y, w)d((3, y, w ) 


< / \fk(b- (3,x-y,z-w)~ f k (b- (3,x,z-w)\pi((3,y,w)d(f3,y,w) 


+ j \fkib- fi,x,z-w) - f k {b,x,z)\pi{P,y,w)d{P,y,w) 
C 

^ e k,l + — (1 + II^H) 


where the last inequality is a consequence of (i) and (vi) in Proposition 15.0.51 (note 
that C depends neither on k nor on /). 

Since f k is pointing outward on dZJ , this shows that the following lower bound 
on the radial part of f k j holds on dlo : 


[fk,i(b, x, z)] rad > -e k) i -j(l + \\z\\). 

Now if we choose A C + 1, which is independent of k and /, then the mapping 
g k ,i is also pointing outward on du. This completes the proof of the proposition. □ 


Third step. Now it remains to pass through the limit; first for k fixed and l —> oo, 
then for k —> oo. Note that the terminal value U G u is fixed independently of k, l. 

First let k fixed and l —> oo. Let (A" ; , Z l ) be the (unique) solution of the equation 
(M + D) with the drift g k) i defined above. In general, we will drop the superscript 
k in the notations, for simplicity. 


14 












For l,V G N*, we put X 1 / := Z 1 / := (Z l t , Z l t ') and V t l := (B»,Xl,Z l t ). We 

apply Io’s formula between t and T to defined by 


We get 


J T = T 5 2 if a general connection is used; 

\ T = S 2 in the case of the Levi-Civita connection. 



(5.3) 


In fact this does not include the case of a drift / which does not depend on z; 
for this simpler case, see the remark at the end of this section. 

The first term on the right is a martingale; the term involving the Hessian is 
bounded below by 


a 


xl 


zi - z: 


xl 


ds — (3 T(X ; 


z,zu 


7/112 


+ \\Z l s || l)ds, 


or 



ds — (3 T(X ; 


l /) 


7/112 


+ \\z‘,r)ds, 


(5.4) 


for positive constants a and f3. The hrst bound results from Proposition 2.3.2 in [Tj 
if sectional curvatures are nonpositive (in this case (3 = 0) and from estimate (4.2) 
in |2j in the other cases. The second bound is then a consequence of Proposition 

unm 

The last term involving g^j and can be rewritten as 


\v + 


D^(X 1 /) 


fM) 

fkivj;) 


ds 


where 


Ai, v 


m>(x 


/,/'> 
S ) 


(9U - A)(U‘) 
(at,I' - AHvf) 



(5.5) 


Using (ii) in Proposition 15.0.31 we have 


m>(x 


i,V 


) ( fifyp) ) ds > -C-kjA(X‘/)( 1 + IIZJII + \\Z e J)ds (5.6) 
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for a constant C independent of l. Now using (El and ED , we get by taking the 
expectation in El 


E(T(X t M ')) + «E 


zi-zr "ds < cU I E(^(X/)(l + ||Z'" 2 


+ \\Z[ Hr) ) d s + E|A^/| 


< Cl[ I Ef^iOjda + ElV 


(5.7) 


where the last inequality is obtained using Holder’s inequality, noting the uniform 
exponential integrability of the Z-processes (Lemma 14.2. Ill and that T 2 < T on the 
compact set w x a 1. An application of Gronwall’s Lemma gives 

E(T(Af'))<C fc E|A M ,|. (5.8) 


Lemma 5.0.6 The expectation E|A^/|, where Ai^ is defined by (|5.5jh tends to 
zero as l, l' tend to infinity. 


Proof. Since « 5 2 and gk,i(b , x, z) = fk,i(b , x, z) + (£k,i + j (1 + ||z||))a;, we have 


E|A M ,| < 


< 


E 


in>ix 


i,v 

S 


ds 


E 


(. fk,i~fk){V l s ) 

(fk,v ~ hW) 

DW(X 1 ’ 1 ') ( ( e W +f( 1 + ll^*ll))^i 


ds 


E 


D\T I (fk,l /fc)(^s) 

11 (h,-h )(v!) 


ds 


+c £ E Ux‘/)(E t ,, + £*,,, + (j + j)(i + IIZ'II + Ill'll))) 


The last inequality is obtained with Lemma EH the first term on the right tends 
to zero because jfj tends uniformly to fk as l tends to infinity (this results from 
the properties of convolution and the uniform continuity of fk). The second term 
tends to zero because the integral is bounded independently of l (using the uniform 
exponential integrability condition of Lemma 14.2. 1(1 and e^i tends to zero as l tends 
to infinity (see (vi) in Proposition 15.0. 81) . □ 


As a consequence, as 1,1' tend to infinity, ET(A^ / ) —> 0 (in fact we have ob¬ 
viously E J 0 7 ^f(X l 8 ,l ')ds —> 0), which shows that the sequence of processes X 1 is 
Cauchy in L 2 (fi x [0;T]) thus converges to a process X k . From (15.71b we deduce 
that the sequence of processes Z l is also Cauchy in L 2 (H x [0; T]) and thus converges 
to a process Z k as l tends to infinity. 
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At the end, the pair ( X k , Z k ) solves the equation (M + D) with the drift f k : 
passing through the limit is an easy adaptation of the second step in the proof of 
Proposition 4.1.4 in [I], using once again the uniform continuity of f k and the uniform 
convergence of f k ,i to f k . We recall briefly the proof for the sake of completeness. 

For k fixed, let us show that the following expectation tends to zero as l tends 
to oo : 


E 


U - 


+ 


j*Z k ,iw, - J* f-ir w (.y)([zj]‘ I [z;Y) + MB’,x*„ zffi ds 
J t Z'jdw, + f f-lry(A'')([Z']‘| [ziY) + hi(B v „x i, zA ds. 


This expectation is bounded above by 

rT 


E 

E 

E 

E 


\Z l s -Zffds 


'0 


|r*j(^ s fc ) -f^(a:')| • |([z s fc ] i | [z*] j )\ds 


l^(^)i|([^TlK] J )-(K] l IK] J ) 

\fk(B y s ,X k ,Z k ) - f k)l (B y s ,X l s ,Z l s )\ds] . 


ds 


We know that the first expectation tends to zero; the second term tends to zero by 
dominated convergence (at least for a subsequence of ( X l ), but it doesn’t matter 
since (X 1 ) is Cauchy). Let Ei denote the next expectation; then we can write 

rT 


E\ < C E 


\z s - zf 


\z,\\ + \\z;\\)ds 


< V2CE (£ II z; - Z k \\ 2 ds\ 1 E ( + ||Z,i 2 )*i ’ . 


The first integral tends to zero and the second is bounded because Z l converges in 
L 2 ; hence E\ tends to zero. 

Finally, let E 2 denote the last integral; then 

E 2 < E (/ T X k , Z k ) — fk(B’,X l s , Z;)|ds) 

+E \MB’,X‘„ Z‘) - f tJ (B’,X‘,Z‘Jld S ) ; 

now the first term goes to zero as l —> oo by dominated convergence (at least for 
a subsequence for which we have a.s. convergence); for the second term, the zero 
limit results also from dominated convergence; indeed, it suffices to write 


I fk(B y a , x l s , Z\) - f k (B y - (3, X l s — y,Z l s — w)\ Pl ((3, y, w)d((3, y, w) 


‘xB 
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and use Properties (i) and (vi) of Proposition 15.0.31 
Hence the limit in L 1 of X\ is 


U - 




--r ?i (A*)([z s fc f | [z s y) + f(Bi,x k , z\ 


) ds] 


we know that it is also X k , so by continuity : 


a.s., Vt, X t k 



-jF«(X,‘)([ZJ]‘ | [Z*]’) + /(B»,X*,Z* 


) ) ds. 


The proof is complete. 


Finally suppose that k —> oo. In this case we can follow the proof above, making 
the changes accordingly; for instance, the expression (ESI) becomes now : 

l 1 * ) V (fr-/)W) j ’ 

remark that 62D is replaced by E2D so in particular the constant in the new 
inequality El does not depend on k. We give the proof of the new lemma we 
need : 

Lemma 5.0.7 The expectation El-A^l tends to zero as k,k' tend to infinity. 
Proof. We have 

E|/M < C, jf E (i(xP')(|A(l/‘) - /(V?) I + \h'(V?) - f(V?) I)) is I 
< CjXUx‘p')((l + \\ ^ll)( 1 {||^ll>*} + 1 {\B%\>k}) 

+ (1 + || Z k ll)(l{||Zfc'||>fe'} + l{|-Bf|>fc'}))^ s ; 

The last inequality uses the definition EU) of fk and the linear growth of / (Propo¬ 
sition ESH- As a consequence of Markov inequality and the uniform exponential 
integrability condition (Lemma 14.2.ID . one has ||>A:} ~^ 0 when k —> oo. Then 
the convergence to zero follows once again from dominated convergence. □ 

As above, this delivers a pair of processes (A", Z ). To prove that this pair solves 
the equation (M + D), we can yet follow the proof above, and the only difficulty 
is to deal with the term involving /. But, putting V s := (B^,X S ,Z S ) and Vfi := 
(B^, X k s , Z k s ) we have 

. ' j i . . i j i . 

E (J \f(V.) - ft{V?)\ds) < E (J |/(V,)-/(V?)|<feJ 
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Then the two terms on the right tend to zero as in the proof of Lemma 15.0.71 and 
this completes the proof when k —> oo. 

Remark : If / depends only on x (and not on z), we can take the convex 
function T & S p of jjljj. Then Hess T is nonnegative and the same reasoning as 
above (even much simpler) gives a limit process (X/.) but not (Z&). In fact, the only 
problem to deal with is to verify that X solves equation (M + D) with drift / fe . But 
this results from Section 2.4 in [I], a localization argument and passing through the 
limit in a submartingale (using the continuity of /*.) as in the proof of Proposition 
4.1.4 in [lj. 

6 Random terminal times 

The purpose of this section is to explain how to extend the above results to the case 
of a random terminal time. In the Lipschitz context, this has been done in Section 
5.3 in JQ. 

We consider here the following equation 

, M + m r dx, = Z t dW t + (-ir^fX.K [Z t f\lZ t Y) + f(Bl X„ Z,)) dt 
T \ X T — U T 

where r is a stopping time with respect to the filtration used and U T is a cJ-valued, 
^-(-measurable random variable. It is the counterpart of equation (M + D) on the 
random interval [0 ;r]. 

For bounded random terminal times (i.e. r < T where T is a deterministic 
constant), the proofs given in the preceding sections can be used again, together 
with Theorem 5.3.1 of JT|, which gives existence and uniqueness in the Lipschitz 
context. Thus we have the 

Theorem 6.0.8 We consider BSDE (M + D) T with ZJ = {x < c} and r < T a.s. 
Then under the same assumptions and in the same cases as in Theorem \3.2.11 this 
BSDE has a unique solution (A", Z), with X e uJ. 


Next, we consider a stopping time r that is finite a.s. and verifies the exponential 
integrability condition 

3p > 0 : E(e pT ) < oo. (6.1) 

Examples of such stopping times are exit times of uniformly elliptic diffusions from 
bounded domains in Euclidean spaces. 

As in the Lipschitz case, we need to add restrictions on the drift /; indeed, 
the proofs above rely heavily on the construction of the submartingale (S t )t = 
(exp(A f )T(A3)) t , so we need to keep the integrability of S T . Looking at the compu¬ 
tations in the uniqueness part, the conclusion is then the same : this integrability 
holds for ’’small” drifts, i.e. there is a constant h with 0 < h < p such that, under 
the following condition on the constants in (EH). EH and EH> 

L < h, v > —h, Lo < h, (6.2) 
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the integrability required holds, so (St)o<t<r is a true submartingale. 

In fact we can state the following result, whose proof goes exactly the same as 
in Section 5.3 in Ij. 

Theorem 6.0.9 We consider the BSDE (M + D) r with r a stopping time verify¬ 
ing the integrability condition EE: the function x used to define the domain u ; is 
supposed as usual to be strictly convex. Then under the same assumptions and in 
the same cases as in Theorem. 1,7 2. 11 if moreover we suppose that f is ’’small" (i.e. 
verifies condition (16.211 above), this BSDE has a unique solution (X,Z). 

Remark : Of course the applications to PDEs in |I] are still valid under the 
current assumptions. 
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